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Thermal instabilities in a mixed convection phenomenon: Nonlinear dynamics
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The influence of mixed convection due to buoyancy for a flow in a uniformly heated horizontal duct is a
well-known phenomenon. Experimentally the overall effect of the heating is characterized by a temperature
difference between the top and bottom of a cross section. An increase in the average velocity of the fluid or the
heating power leads to an instability phenomenon which manifests itself through the appearance of large-
amplitude temporal fluctuations in temperature. The amplitude of these fluctuations depends on their position
in the test section, the heat flux supplied to the wall and the fluid velocity. The aim of this paper is to describe
these thermal instabilities, and to simulate them utilizing a low-dimension model which shows the nonlinear
dynamic of the systen}S1063-651X%97)03412-(

PACS numbgs): 47.20.Ky, 47.27-i

I. INTRODUCTION phenomenon which could be described by deterministic dy-
namics.

The flow in tubes at low Reynolds numbers is a subject of
particular significance when heat is transferred through the
tube wall. It is encountered in a variety of engineering situ-
ations including compact heat exchangers, solar energy col- A. Apparatus
lectors, and heat exchangers designed for viscous fluids in A dgiagram of the heat-transfer loop is shown in Fig. 1.
the chemical and food industries. Heat is transferred by CorTWater from a Sump tank Circu'ated through a mu|tistage cen-
bined free and forced convection as buoyancy influences berifugal pump (2800 rpm with a bypass to adjust the flow
come significant. rate. It flowed through a cooldheat exchanggin order to

Many publications(see, for example, Ref§1-5]) have  maintain a constant inlet temperature in the systaiout
dealt with mixed convection heat transfer for laminar flow in 15 °0), to a flow meter, the test section and then the sump
a horizontal duct. The phenomenon induces a difference itank. The test section consisted of an inconel tube of 10 mm
the wall temperature between the top and bottom of the crossutside diameter and 0.2-mm wall thickness. Electrical
section. The secondary motion created in the tube distorts thgables were connected to its ends through copper flanges to
isothermal parabolic velocity profile, which influences its produce Ohmic wall heating. Power from the main supply
stability. For a field of values of the flow velocity of the fluid Was controlled using a dc voltage regulator and a variable
and the heating power at the wall, the wall temperature exa@uto transformer. The heated test section was 100 cm long,
hibits strong temporal fluctuations whose amplitudes and ocPreceded by an unheated length of 80 cm to serve as a hy-
currence are time varying. These thermal instabilities lead t§rodynamic entrance region. The density of heat fuwas
an intermittent phenomenon. The stability of the flow hasuniform along the test section, most frequently
attracted the attention of several workers such as in Refs.

[6—9], but only Ref.[6] mentioned the intermittency for the

wall temperature. Generally, these studies have shown the Hydrodynamic
there exist two types of transitions to turbulence: one of a e
hydrodynamic nature, the other of a thermal nature; more-

II. EXPERIMENTAL EQUIPMENT AND TECHNIQUES

d.c. generator

Test section

» —

over, the presence of secondary flows shifts the transitior . il
zone to higher values of the Reynolds number, in relation tol,/ Flow meter
the hydrodynamic transition corresponding to the case of the{, e pomaary
isothermic flow. - maintsined

The object of the present study is to describe and simulatq ||
thermal instabilities of the wall temperature. Experiments g
were conducted for various values of flow rate and heat flux|
A low-dimension model using a modified” Hen mapping is >
constructed. It is an “input-output” model. It allows an in-
termittent signal similar to the experimental one to be built.  circulating
Its validation will be carried out by comparing the main pump
characteristics obtained via modeling to those obtained vie Waer | |—— Sump tank
experimental measurements. This low-dimension “input-
output” model suggests that this instability is a nonlinear FIG. 1. Diagram of the experimental loop.
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FIG. 2. Wall temperature evolution at the top and the bottom of a cross sect®0 cm, »=20 cm/s(Re=2000, P=20 kw/n?
(Ra=250 000.

=20 kW/n?. The duct was not insulated and so, under thes@n instability is reached for which fluctuations of great am-
conditions, external heat losses from the duct were approxilitude in the wall temperature occur sporadically. Figure 2

mately about 500 W/f The inlet of the heated zone was presents the wall temperature sigiidfor the top and bottom
taken as the origin of the axial coordinate of a straight section at axial coordinate-80 cm for a ve-

locity v =20 cm/s and a heat flux densi®= 20 kW/n?. The
top of the duct cools down very quickly with a time constant
) ) ) of about 2 s, and then it returns to the steady state with a time
At each axial locatiorz, copper-constantin thermocouples -onstant of about 10 s. The amplitude of the peak is time
were welded to the top and the bottom sides of the tubeyarying. The duration of the steady-state phases are also time
where a temperature difference was created due to buoyanGyarying. In addition, when the cross section is scanned
All thermocouples were calibrated before being mounted oRyrqyng its circumference, the amplitude of the fluctuations
the loop. Each experiment lasted 7 h. The step of acquisitioparies from its maximum at the top of the cross section to its
was about 0.2 s, which led to a recorded signal of 135 00Qhinimum at the bottom. The phenomenon thus characterized
points. will be called “intermittent.” It is noteworthy in Fig. 2 that
there is a particular behavior in which the fluctuations do not
. EXPERIMENTAL RESULTS allow the steady state to be attained in the time interval sepa-
théating the fluctuations, if they are too close in time. This
mjtaroperfy will be called “turbulence associated with intermit-
ence.

B. Measuring devices and calibrations

From experimental observations the temperature of
wall is quasistable, while the Reynolds and Rayleigh nu
bers(Re and Raare low. The properties and characteristics
of this flow regime have been described elsewlifel]]. It
can be noted that the temperature measured at the top of a
straight cross section rises whenincreases, while at the Furthermore, a study of the temperature signals corre-
bottom of this section this value is independentzpfthis  sponding to simultaneous records at differentoordinates
phenomenon is due to secondary flows, which evolve wittshows the propagation of the instability. The propagation
the axial coordinate by transferring the energy supplied to velocity calculated from the intercorrelation functions of the
the wall at the bottom of the straight cross section to thesignals is close to the average fluid velocity. Passing from
upper part of these sections. The transfer coefficient linked tone coordinate to another is statistically expressed only by an
the secondary flows in the lower part of the cross sectiorincrease in the amplitude of the fluctuations according to the
may also be said to increase with axial coordinater the  variation of the temperature difference between the top and
length of time an element of fluid remains in the duct, that is,bottom of a cross section. In order to define this evolution, a
z/lv (wherev is the average fluid velocify Thermal stratifi-  signal analysis procedure was used, which consisted in as-
cation consequently arises in the upper part, in a zone whosessing the numben of time intervals for whichT>Tj,
area becomes greater asncreases; this follows from the with T a temperature threshold which is made to vary with
progressive disappearance of transverse velocities. WhemA T step(see the Appendix and Fig).2Figure 3 displays
secondary flows no longer vatgre establishedthe transfer then versusT diagrams corresponding to these signals for a
process in the lower part changes and becomes purely cogiven values of Ra and Re. It can be noted that an increase in
ductive instead of convective; the temperature of the wall athe axial coordinate corresponds to a more well-defined zone
the bottom of the cross section then rises along with that ofvhere the number of phases is constant, and where there is
the top of this section; this occurs for a valuezd$ of about no new peak minimum. This zone corresponds to what we
10 s. call a forbidden gap. Thus the evolution versus the axial

Elsewherd 12,13, for adapted coupling of the Reynolds coordinate is characterized by the evolution of the width of
and Rayleigh number values, details of which are given laterthe forbidden gap, which becomes larger and larger. Thus for

A. Evolution of signals versus axial coordinate
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FIG. 3. Diagram logh) (normalized valuevs T of the wall temperature for various axial coordinaresRe=2000, Ra200 000.

z=80cm, three well-defined zones can be obsenzq; separately; for tests of each series, one parameter was kept
characterized by peaks of large amplitudg; characterized constant while the other was gradually increased.
by the forbidden gap; and, characterized by the steady  In the first series of tests the fluid velocity was kept con-
state. stant, and the heating power was made to vary, which
In fact, when a fluctuation occurs at locatianthe ther- amounts to varying the Rayleigh numb@ta is calculated
mal configuration at the peak minimum is close to the therusing the difference of the fluid temperature between the
mal and hydrodynamic configurations of the steady state foinlet and the exit of the dugtAs an illustration, Fig. 4 rep-
a coordinatez’ smaller than the observation coordinae resents the evolution of the wall temperature for different
(this configuration will be called the solution &#1). This has  values of the Rayleigh number, obtained for a value of Rey-
been confirmed by measurement of the spatiotemporal distrirolds number of 900. For the lowest value of the Rayleigh
butions of temperatures on the outer surface of the duct walhumber, it may be seen that the temperature signal is quasis-
It acts as if the system were joining a coordinatesmaller  table; progressively, when this parameter incredgest is,
thanz. As the amplitude of the peak varies, the value  the heating power increagebe signal becomes intermittent;
varies from one peak to another. The various solutiBhs the number of fluctuations per time unit subsequently in-
belong to the same laminar state, which means that the sygreases with the control parameter value. A greater increase
tem evolves in the same space of solutions, that is, the lamjp s value leads to thermal turbulence, which is the case of
nar solutions. Actu_ally_, statistically, everything acts as if ahe signal represented with the highest value of Ra.
fluid element remains in the same state, as from axial coor- In the second series of tests the heating power was kept

dinatez’, when conveyed inside the duct. Thus, at ObserVai:onstant, and the flow velocity of the fluid was made to vary.

tion coordinatez, the solution defined and fixed &t will be Figure 5 shows the evolution of the wall temperature for
recorded. The existence and progressive widening of the for-_=. ) X

; . . . various Reynolds number values, for a given heating power
bidden gap simply show that the fluctuations arise near the . ;
inlet of the heated zone, to be subsequently conveyed an\(]alue. It can be seen that the wall temperature signal is qua-
structured during their di,splacement in the duct sistable, for the lowest value of Re; when this parameter

In order to study this intermittent phenomenon, characterincre§iseithat s, th? average veloc_ity of t_he fluid incregses
ized and identified by the temperature fall and rise time coni€ Signal progressively becomes intermittent, and the num-

stants and the presence of the forbidden gap, the time signgfr of fluctuations per time unit increases with the value of

which corresponds to the temperature of the outer wall, at tht ehcgnt:jol parqmtetir.lA greatﬁf |rr119retak113e n th'fs vz:ue .Ieadls
top of the straight cross section for axial coordinate 0 hydrocynamic tUrbuience, which 1s the case for the signa

_ ; : : . represented with the highest value of Re.
80 cm, will be considered in particular. A stability pattern(Fig. 6) was determined from these

results in the(Re-Ra plane, and the zone corresponding to
the intermittent signal was identified. In the field of the in-

Flow stability could be influenced by two independenttermittence the temperature fall and rise time constants are
parameters: flow rate and heating power. Two series of testmaintained; the increase in Ra or Re corresponds to an in-
were performed to examine the influence of each parametearease in the number of fluctuations.

B. Influence of the fluid velocity and the heating power
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FIG. 4. Wall temperature evolution vs Rayleigh number=R860,z=80 cm.

From a physical point of view, the intermittent phenom- It can also be said that the return to a Poiseuille-type
enon is set off by low-amplitude primary instability of ther- profile corresponds to a change in the heat-transfer process in
mal and/or hydrodynamic origin. The large-amplitude insta-the straight cross section, in particular in the lower part of
bility (fluctuations of the wall temperatyreesults from a these sections. There is a change from a convective mode to
mechanism which is intrinsic to mixed convection, createda conductive mode. In the former case, heat supplied at the
by the competition between two effects. lower part is convected to the upper part of the section by

(i) The first is a destabilizing effect related to the axial secondary flows, while in the latter case this heat is con-
flow. Buoyancy and concomitant secondary flows distort thevected by the main flow and diffused to the inside of the
longitudinal velocity profile. The latter tends to an axially section; during this transformation, there is a modification of
symmetric profile which is more logical with the cylindrical the structure of the secondary flows, causing the destruction
geometry. This induces an increase in the longitudinal veef the thermal stratification in the upper part, that is, the
locities at the top of a cross section and an increase in theooling of the fluid and the wallat this poinj. This rapid
heat transfer, with a sudden decrease in the local temperahange in behavior is possible when the time characteristics
ture. of the two transfer modes are sufficiently close, which is the

(i) The second stabilizing effect is associated with thecase with water, with a Prandtl number of around 6. It is no
secondary flow, which is maintained via the buoyancy effectonger the case when this number increases, which could be
and wall heating. seen for a water-glycol mixture, for which there no longer
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FIG. 5. Wall temperature evolution vs Reynolds humber=R@0 000,z=80 cm.
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FIG. 6. Diagram of stability of the system: Iige) vs log[Ra) z=80 cm. (a) Turbulent signal(b) Mixed “intermittent-turbulent” signal.
(c) Intermittent signal(d) Quasistable signal.

exist great amplitude fluctuations at the wall, under the same The following nonlinear discrete equation, corresponding
conditions. This description of the mechanism is confirmedo a Heon mapping which iterates dk can describe the
by the fluid temperature measurements in the cross sectigghenomenon
[14].

The two stabilizing and destabilizing effects are in fact Xk+l=1—cxﬁ+dxk,l,
coupled, since the distortion of the axial longitudinal profile
of velocity is linked to the maximum difference of tempera- wherec is the first Heaon mapping constant& 1.4), andd
ture between the top and bottom of a cross straight sectioris the second Heon mapping constant& 0.3). The struc-
thus the notion of nonlinearity is introduced when working ture of a Hemon mapping is a two-dimensional representation
out a low-dimension model which simulates the intermit-of a Lorenz model and a simplification of the Navier-Stokes

tence phenomenon. equationg15].
For each valué of discrete time, a new fluid element is
IV. DESCRIPTION OF THE PHENOMENON considered to reach a locatian Each fluid element is sub-
WITH A NONLINEAR MODEL: HE 'NON MAPPING jected to the same evolution when passing into the heated

) o i . , duct from the inlet as far as the coordinaeIn addition,

The modeling which is proposed is a low-dimensionalsiate A seems to be more stable since it persists for a longer
one. It could be 'conS|dered to gener_ate solutions which ©Xduration(steady phasesThe steady phase durations are time
press the evolution of the physical signal for the wall tem-arying. For each valug the stability of solution A and the
perature measured at the top of the duct at a given Croggpigden gap will be taken into account by introducing a
section. This model is nonlinear, and operates by 'terat'oQonstraintSt which brings back to A any solution B not far

within a limited span of solutions. Moreover, time constantsenougrl from AS, also represents the width of the forbidden
of the problem(the fall and rise of the temperatyrare not gap. This mapping is such that

generally taken into account, so that the results will be ob-
tained according to a dimensionless time; these time con- X(i,k+1)=1—cX(i,k)2+dX(i,k—1),
stants are effectively the only parameters which enable a
physical time scale to be fixed. The statistical distribution of

the amplitude of fluctuations through a deterministic descrip-
tion will therefore be the object of interest.

An intermittent signal can be considered to be the resul
of alternating between “A” and “B” sets of solutions. Set n
A corresponds to the steady state, and set B to the peaLf<
minimum. If both sets belong to the same state or space, fo
mathematical transformatiof exists such thaf\ is a map-
ping of the space oX solutions on itself. It is an iteration on
k according to:

S—S<X(i,k+1)<S=X(i,k+1)=S+g(i),

whereS corresponds to the quasistable state, and its value is
faken equal to 0.7; it represents the approximate value of the
stable fixed point of the map.

The input magnitude, which varies according to time, is
ise, whose structuratiafny the modified Haon operator
which has been defingds therefore to be examined. It is to
be noted that the problem of the structuration of an external
noise, in an intermittent signal, has been studied elsewhere
by using the generic Ginsburg-Landau equalffit6,17]. In

Xir 1= A (K , Xim 15+ -)- the case of our study, the input conditions are
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X(i,00=S+go(i) and X(i,1)=S+g,(i), dimensionless. Figure 7 displays the=f(Yg) diagram

(number of phases or time intervals versus the threshold
whereg(i), go(i), andgy(i) correspond to random series valueY corresponding te). It is noted that the intermittent
with values included in the intervaD; 0.05, by generally  behavior is simulated by this model well. As in Fig. 3, zones
assumingy=G/m, whereG is a random number, between 0 Z,, Zg, andZ. can be observed.
and 1 andm an integer number above 1. Now just theZ, zone is considered in order to study the

The value ofk is such that: &ck<<kn., and it corre- distribution of the peaks. The curves of Fig. 8 displdy
sponds to the iteration scheme which allows the unstationary-f(L) for the experimental signal for variolsT ¢ scaleq(see
solutions of the Heon mapping to be bypassed, and thethe Appendix for the calculation and definition ifandL).
constraint effect to be taken into account better. For the calFigure 9 shows the same results produced by theoHe
culations, a value df,,,=30 was considered, beyond which mapping. The comparison of both results shows that the
the results were no longer varied. Henon mapping which is initiated by low-amplitude noise

The time signal is built by the successive output solutiongeads to fine structures which are similar to the experimental
Y(i), such thaty (i) =X(i,knao- The solutions obtained are ones.
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FIG. 8. Diagram:N vs L for an experimental signal. The normalized valueNof{N,) was representeda) AT;=0.0025 °C.(b)
AT.=0.05°C.(c) AT;=0.2°C.
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In this part, the Heon mapping was considered to gener- V. ANALYSIS OF EXPERIMENTAL
ate solutions at location. This model could be improved if AND MODELED SIGNALS
it takes into account the time constants associated with the A. Effect of the axial coordinate

fall and rise of the wall temperature. In this case, the phe-

nomenon, which we have called turbulence associated to in- Referring to Fig. 3, it can be seen that the forbidden gap
termittence, may be found, when solutions of the model arélisappears when the value ntiecreases or more exactly, it
generated during the phase corresponding to a temperatul@'ms whenz increases. This disappearance may be attrib-
rise. In the following it will be shown how the various con- uted to pollution of the forbidden gap such that, statistically,
trol parameters act in such a low-dimension model. more and more solutions may enter it; this actually depends
on the statistical law of creation of the fluctuations in the
zone near the duct inlétvhich is difficult to determine ex-
perimentally, the fluctuations being drawn from a noise sig-
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FIG. 10. Diagramn vs Y, of the modeled signals for various probabilities of the pollution of the forbidden @mp=0. (b) p
=0.095.(c) p=0.5.
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nal). Simulating the behavior for axial coordinates closer toprobability functions of the forbidden gap. It may effectively
the inlet of the heated zone is tantamount to deteriorating thbe noted that the forbidden gap forms when the probability
forbidden gap; this deterioration consists in introducing aof the presence of a solution decreases. Qualitatively, this
law of probability p of the presence of fluctuations in the evolution reflects the behavior of the distribution functions in
forbidden gap. To simplify, this law will be taken as uniform relation to axial coordinate.

and is considered during the iteration scheme such that

B. Effect of the fluid velocity and the wall heating

S=5<X(i,k+1)<S and G<p=X(i,k+1)=Stg(i), The increase in the Reynolds and Rayleigh numbers, in

the area where the signal is intermittent, corresponds to an
whereG is a random number. Thus Fig. 10 shows the dis-increase in the number of fluctuations in the signal; this may
tribution functions of signals obtained for different pollution be interpreted by stronger and stronger primary instability
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FIG. 12. Probability of number of phases which have a duration above a certain dbat@omparison between the experimental and
modeled signals with the analytical expression.
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when these two parameters increase. The model that we halirear dynamic. This simplified low-dimension model en-

elaborated takes into account the primary instability which isables the main characteristics of the physical phenomenon to

to be found in the input condition as a noise of finite ampli-be found through a behavior model.

tude superimposed on a stationary signal. The effect of an

increase in the Reynolds or Rayleigh number may then be ACKNOWLEDGMENT

simulated by superimposing a greater and greater amplitude

noise on the stationary signal. Thus Fig. 11 shows rihe

=f(Yy) diagram of signals obtained for different values of the

noise amplitude. The increase in noise amplitude at the inlet

significantly affects the increase in the number of fluctua- APPENDIX: DESCRIPTION

tions in the signal. This is therefore in agreement with the OF THE ANALYSIS TOOL

evolution of the phenomenon in relation to the Reynolds and 1 temperature signatures are included in a temperature

Rayleigh numbers. interval defined by upper and lower boundaries. The upper

boundary corresponds to the steady state, and the lower

VI. STATISTICS OF LAMINAR PHASES boundary to the lowest temperature attained by fluctuations.

Finally, Fig. 12 shows the statistics of the temporal distri-For an intermittence phenomenon, the statistics of the dura-

bution of the steady or laminar phases for the experimenteﬂons for which the measurement is al:_)ove a given _threshold
and the modeled signals. The shape of the curves is theﬁ‘!ueTS are generally considerd@ee Fig. 2 The variation
typical of a type-lil intermittence phenomenon, as demon- with a stepAT,) of this threshold value enables statistics

strated by the comparison with the analytical expression ofoncerning the amplitude of the fluctuations to be generated.
this type of intermittencé15]. For eachT value, the number of duratiorier number of

phases n for which the temperature is above; will be
counted. It is obvious that the duration of these phases is
time varying. One can also define a functian as

The description of the temporal dynamics of the large-
amplitude instabilities in our experiments was modeled with-
out the introduction of a model of hydrodynamic turbulence.
A primary instability of thermal or hydrodynamic nature is
considered to be at the origin of this intermittent phenom-, . . : .
enon. It can be associated with an inflection in the profile 01An IS a f.““'“p'e of 1AT, (this last numbgr representing an
longitudinal velocities or a Tollmien-Schlichting instability observation scale facforso we can write:
[18-20, with a fluid whose Prandtl number is close to the
unity. An=LAT,.

An “input-output” model based on a H®n mapping as-
sociated with a constraint on the steady state has enabled the In order to bypass the parametgy, another representa-
main experimental characteristics of the phenometfime  tion can be obtained by tracing the discrete diagdamver-
structures, forbidden gap, turbulence associated with intersusn. To each valueAn correspondsN different values of
mittence, statistics about the durations of steady phases n; then we can simplify the exploitation of these data, and so
be simulated. This model is a reduction of a three-plot the diagramN=f(L). As an illustration, for a signal
dimensional and complicated system. Intermittent signalgenerated from the drawing of random numbers uniformly
have therefore been obtained from an input noise of infinidistributed on the interval 0—1, the diagrass=f(L) is flat
tesimal amplitude structured by Hen mapping(sensitivity ~ whatever valueAT;. So, any significant difference in the
to the initial conditions The scheme agrees with an inter- behavior from the random one denotes a more complex dis-
mittence of type Ill. The phenomenon is described by a nontribution and the existence of “fine structures.”

Professor R. SaniUniversity of Colorado is gratefully
acknowledged for constructive discussions.

VIl. CONCLUSION

An=[n(Ts+ATg)—n(Tg) J/AT;.

[1] R. L. Shannon and C. A. Depew, ASME J. Heat Trar@f, [8] M. A. El-Hawary, Int. J. Heat Mass TransE02, 273(1980.

353 (1968. [9] S. Bilodeau, N. Galanis, and A. Lanevilfanpublishegl
[2] A. E. Bergles and R. R. Simonds, Int. J. Heat Mass Trab%f.  [10] C. Abid, Ph.D. thesis, Marseille, 1993.
1989(1977). [11] C. Abid, F. Papini, A. Ropke, and D. Veyret, Int. J. Heat Mass
[3] P. H. Newell, Jr. and A. E. Bergles, ASME J. Heat Tra®. Transf.37, 91 (1994.
83 (1970. [12] C. Abid, F. Papini, and A. Ropke, J. Phys. 8] 255 (1993.
[4] S. V. Patankar, S. Ramadhyani, and E. M. Sparrow, ASME J[13] C. Abid, F. Papini, and A. Ropke, Int. J. Heat Mass Tra@sf.
Heat Transf100, 63 (1978. 287 (1995.
[5] D. Choudhury and S. V. Patankar, ASME J. Heat Trah&f), [14] C. Abid and F. Papin{unpublished
901 (1988. [15] P. Berde Y. Pomeau, and Ch. Vidal, ordre Dans le Chaos
[6] P. S. Petukhov and A. F. Polyakdéunpublishegl (Hermann, Paris, 1988

[7] H. R. Nagendra, Fluid Mectb7, 269 (1973. [16] R. J. Deissler, Physica B5, 233(1987.



6744 C. ABID AND F. PAPINI 56

[17] R. J. Deissler, J. Stat. Phys4, 1459(1989. Savoirs Actuel§CNRS, Paris, 1991
[18] H. Schlichting, Boundary-Layer Theory2nd ed.(McGraw-  [20] A. S. Monin and A. M. Yaglom, irStatistical Fluid Mechan-
Hill, New York, 1979. ics: Mechanics of Turbulenceedited by J. L. LumleyMIT

[19] E. Guyon, J. P. Hulin, and L. Petilydrodynamique Physique. Press, Cambridge, 19¥.9



